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ABSTRACT: The partition function for the interfacial region of a semicrystalline polymer has been obtained 
in the frame of cubic lattice model. This is basically a reformulation of the lattice theory developed by Flory, 
Yoon, and Dill. Two independent contributions to the energy have been introduced to take into account 
the chain stiffness. Numerical results obtained by maximization of the partition function are satisfactory 
compared with those of other analytical models in the literature. The results are also compared with Monte 
Carlo simulations carried out by Mansfield and found to be in agreement only for small values of the bending 
energy. We have performed additional Monte Carlo simulations in order to explain the discrepancy for larger 
values of the bending energy, which arise from finite size effects. 

I. Introduction 
Several models have been proposed to described the in- 

terphase in lamellar semicrystalline polymers. It is well 
established that the semicrystalline interphase is not sharp 
but instead extends for a certain distance in which a 
transition from the perfect order of the crystal to the 
disorder in the isotropic amorphous region occurs (for 
references to pioneering work see for instance ref 1). It 
is also clear t ha t  the order gradient requires that  a 
substantial fraction of the chains emerging from a crystal 
reenter the same crystal. 

A quantitative analysis of the chain conformation in the 
interphase was given by Mansfield2 with Monte Carlo 
simulations in a cubic lattice. In the calculations, three 
independent energy contributions were included. The first 
one represents the so-called bending energy, Le., the energy 
difference between a pair of collinear bonds and a pair of 
bonds at right angles. This is a way to model the stiffness 
of real chains in which a trans conformation has a smaller 
internal energy than a gauche conformation. The second 
energy contribution disfavors tight reversal conformations, 
which in a cubic lattice corresponds to two consecutive right 
angles in the same direction. The third contribution takes 
into account van der Waals interaction between chain 
segments. One of his conclusions is that, for completely 
flexible chains (in which the three above-mentioned 
energetic contributions are neglected), 72? of the stems 
emerging from the crystal reenter it by forming tight folds. 

An analytical approach to the problem was done by 
Flory, Yoon, and Dill‘ (FYD). They approximated the 
partition function for the interphase in the frame of a cubic 
lattice theory. Two independent parameters were included 
in order to  take into account the contributions to energy 
from both bending and tight reversal of the chains. 
Although their results are in qualitative agreement with 
Mansfield’s conclusions, they found that for completely 
flexible chains only 42% of the chains are involved in tight- 
fold reentries. 

The first attempt a t  solving the discrepancy between 
the two approaches was done by Marqusee and Dill.3 They 
calculated the entropy of the interphase by a mean-field 
lattice theory, extending a formalism derived by Helfand4 
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for a somewhat different problem. The first two degrees 
of approximation, up to two-bond conditional probability, 
were considered. In the case of completely flexible chains 
(their analysis is purely entropic) they showed tha t  
symmetry and normalization conditions on the two- 
segment conditional probabilities lead exactly to the 
constraints of the FYD model. However, they obtained 
that the fraction of tight-fold reentries is about 73 % , which 
is in very good agreement with Monte Carlo2 simulations. 
They suggested that the discrepancy mentioned above is 
due to an overcounting of the number of vertical bonds 
in the expression for the distribution function used in ref 
1. 

The approach was extended to account for chain stiffness 
by M a r q u ~ e e . ~  In the same mean-field approximation the 
internal energy of the interphase is calculated assuming 
only the contributions to the energy from bend junctions 
relative t o  straight ones. Then  when the  entropy 
expression derived in the previous papers3p4 is used, the 
Helmholtz free energy is minimized. The results were not 
compared with those of FYD, but the comparison with 
Mansfield’s simulations showed that as the bending energy 
is increased there is no longer any quantitative agreement. 
For a value of the bending energy Eb = kT,  Mansfield found 
that the percentage of tight folds reduces to 2992, but Mar- 
qusee obtained 52.2%. 

More recently, Kumar and Yoon6 employed the same 
model to include the additional energy that the chain 
required to form a tight fold, but they did not include any 
bending energy. They made an extensive comparison with 
the results of FYD and Mansfield. The energy for a tight 
fold is denoted by 7. They show that the content of tight 
folds deduced from their analytical treatment and from 
Mansfield’s simulation is identical for p - 6kT. At smaller 
values of p ,  the simulations give a higher content of tight 
folds, and as p rises above 6kT, the predictions from the 
two methods diverge, with simulations given the lower 
results. 

In this paper we reformulate the FYD approach, Le., 
instead of calculating the Helmholtz free energy from the 
entropy and the internal energy, we obtain directly the free 
energy from the partition function. In the approximation 
to the partition function we take into account a number 
of chain sequences that were not considered previously. 
We show that with this modification the results of the 
model are very close to those obtained in refs 3, 5, and 6. 
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In other words we prove that both approximate routes to 
the free energy are equivalent. Our results are also 
compared with Monte Carlo simulations,2 and an 
explanation is given for the discrepancy between analytical 
methods and Monte Carlo simulations at  large values of 

11. Model 
In this paper we follow the notation used in ref 1, and 

we refer to that paper for most of the details. The model 
is based on the following assumptions. The system is 
represented by a cubic lattice where each site is occupied 
by a molecular segment. The segments of each chain are 
connected by linear bonds of equal length. The density 
is assumed to be uniform and the same as in the crystal 
because all the sites in the lattice are filled. In the 
crystalline region all bonds are parallel to a certain 
direction, which is normal to the plane of the anisotro- 
pic interphase. Layers of segments parallel to this plane 
are enumerated by an index i. In the isotropic amorphous 
region, which extends to positive values of i, we expect a 
random distribution of bonds among the six possible 
directions of the lattice. The number of layers from the 
crystal surface, i = 0, to the isotropic amorphous region 
defines the size of the anisotropic interphase. It is also 
assumed that the molecular chains are long enough so that 
there is a negligible number of chain ends. 

A. Constraints. Let NO denote the number of sites 
per unit area in each layer and Ji the number density of 
bonds between layers i - 1 and i. We refer to those bonds 
as vertical bonds, and consequently we call the Ri bonds 
contained in layer i horizontal. A conservation condition 
follows directly from the above assumptions 

(1) 
It describes how the total number of bonds in layer i is 
distributed between vertical and horizontal bonds. In 
terms of the fractions pi = Ji/No and qi = Ri/No, eq 1 reads 

tb. 

2N0 = Ji  + Ji+l + 2Ri 
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If we define Si++ as the number density of chains that 
reverse to layer i + 1, Si-- as the number density of chains 
that reverse to layer i - 1, SF as the number density of 
chains that pass directly from layer i - 1 to i + 1, and Si" 
the number density of chains that pass from layer i - 1 
to i + 1 but have at  least one horizontal bond in layer i, 
the continuity of chains reduces to 

J i = 2 S i - + S i f + S :  (3) 
and 

Ji+l = 2si++ + Si" + s: (4) 
Subtracting eq 3 from eq 4, we have 

Ji+l - Ji = 2(Si++ - si- -1 (5) 
which can also be written as 

pi+l -pi = 2(Si++ - s;-) /No (6) 

(7) 

Adding eqs 3 and 4, we obtain 

Ji+l + Ji = 2si 

si = si++ + s;- + Si" + s; (8) 
is the total number of chains in layer i. Note that the total 
number of chains that pass through from layer i - 1 to layer 

where 

Li 

'1 

1 

n r- 

Figure 1. Conformations of three bonds in the same 3 X 3 array 
as the elements in the matrix of eq 10. 

i + 1 includes both the number Si" of sequences with a t  
least one horizontal bond and the number Sio of sequences 
with two collinear vertical bonds. The latter kind of 
sequence was not considered by Flory, Yoon, and Di11.l 

(9) 

B. Statistical Distribution of Chain Sequences in 
the Interphase. Before we proceed, some more 
approximations have to be made. We assume the partition 
function for the interphase to be the product of the 
partition function for each layer. We also assume that in 
each site the orientation of a particular bond only depends 
on the position of the previous bond in the chain. In order 
to take into account the energy for tight reversal, we 
consider as chain units all possible three-bond sequences, 
with the exception of those Sio two-bond sequences 
corresponding to chains that pass directly from layer i - 
l t o i + l .  

If we call ui+, uj-, and uio the weighting factors for 
junctions at  the end of a horizontal bond with an upward 
vertical bond, a downward vertical bond, and a horizontal 
bond, respectively, the a priori probabilities of occurrences 
of the possible three-bond sequences can be represented 
by the matrix (see Figure 1) 

Inserting eq 1 into eq 7, we obtain 

No = Si + Ri 

h U + 2  u+u- u+uo 

uou+ uou- uo 
ci = u-u+ hu- u-uo (10) 

(11) 
is the normalization factor when u+ + u- + uo = 1, and hi 
is a parameter to modify the incidences of chain tight 
reversals. 

One can now obtain expressions for all the stochastic 
variables that characterize the structure of the inter- 
phase. Furthermore, all those variables can be defined as 
functions of ui+, ui-, uio, and hi. In particular, the number 
of several kinds of chains that have a t  least one horizontal 
bond in layer i is 

2 

where ( 2 I i  

c,-1 = 1 - (1 - h i ) ( U i + 2  + ui- ) 

Si- = RiCiui-'(ui+ + ~ i - ) - ' [ l  - (1 - hi)(ui+ + ~ i - ) ]  (12) 
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Si++ = RiCpi+'(~i+ + ~ i - ) - ' [ l  - ( 1  - hi)(ui+ + ~ i - ) ]  

and 
(13) 

s; = RiCiUi-Ui+(Ui+ + U J 1  (14) 
therefore the total number of chains that have one or more 
horizontal bonds is 

Si++ + Si-- + Si* = Ri(l  - Ciui0) (15) 
cf. eqs 10-19 in ref 1. Inserting the above expression and 
eq 8 into eq 9, we obtain that the number of chains passing 
directly from layer i - 1 to i + 1 is 

sio = No - Ri(2 - CiUi0)  (16)  

There are nine possible sequences with a t  least one 
horizontal bond given by eq 10. For simplicity they can 
be arranged in some groups. FYD considered five groups 
of sequences: first three groups f i+ ,  f i - ,  and fro, obtained 
by summing the rows of the matrix in eq 10, and two more 
groups that correspond to positive Fi++ and negative Fi- - 
tight reversals. The corresponding a priori incidences for 
each group are 

f i +  = qui+ [ 1 - (1 - hi)Ui+] 

f i -  = CiUi-[ 1 - (1 - h;)u;-] 

f i o  = Ciuio (17) 
2 Fi++ = Cihiui+ 

Fi-- = Cihiui-' 

This choice is arbitrary. We have also tried another way 
of arranging the sequences that will be described later on. 

C. Statistical Distribution of Chain Sequences in 
the Amorphous Region. In each layer the probability 
of having ni incidences of a particular kind of sequence 
is vni, where v is the a priori statistical weight of that  
sequence. Therefore, it will be necessary to introduce a 
priori statistical weights that complement the stochastic 
variables. This can be done by repetition of the above 
procedure but now in the amorphous region. Let T values 
denote the statistical weight for a bend connection relative 
to 1 for a collinear connection. Therefore, the relative 
probability of a particular bend connection of two bonds 
in a cubic lattice is A = ~ / ( 1  + 4 ~ )  and the relative 
probability of a collinear connection is 6 = 1/(1+ 47). The 
conditional probability of a connection a t  the end of a 
horizontal bond to another horizontal bond is 

U = (1 + 2T)/(1 + 47) 
I t  is clear that the conditional probability of a connection 
a t  the end of a horizontal bond to a vertical upward bond 
or to a vertical downward bond is 

A = ( 1  - u)/2 
In a cubic lattice the a priori statistical weight for a vertical 
bond is l / 3  and consequently the a priori probability for 
a site with two collinear vertical bonds is 6/3. (For a 
completely flexible chain T = 1, u = 3/5, and 6 = 1/6.) We 
also include a parameter, 7, for the a priori weight for 
adjacent return. 

Straightforward substitutions of ui+, ui-, Uio, and hi by 
A, A, u, and tl, respectively, in the equations for the a pri- 
ori incidences give the a priori probabilities of various 
sequences. The a priori probabilities of the various 
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adjacent returns are 

a++ = a__ = rVx2 

$+ = 4- = rx[i - x u  - 

(18) 
and the corresponding probabilities for ti+, fi-,  and f io  are 

4o = ru (19) 
where 

is the normalization constant equivalent to Ci. 
D. Partition Function. The exact partition function 

depends on the allocation of Si chains in layer i. However, 
we approximate the partition function so that we only 
calculate the probability of different sequences of three 
bonds. We have tried several approximations. We first 
discuss the closest one to that used by FYD. 

1. First Approximation. Let us rewrite eq 16 as 

No = si0 + Ri* 

Ri* = Ri(2 - Ciui0) 

(20) 

(21) 

We consider the partition function as the product of two 
factors. The first factor, Q I ~ ,  depends on the allocation of 
Si0 sites with two collinear vertical bonds and Ri* sites with 
at  least one horizontal bond (cf. eq 20). Note that RiCiuio 
is the correction due to the sequences with more than one 
horizontal bond. 

The a priori probability of a site with two vertical bonds 
is 613 and the a priori probability of one of the other 
sequences, i.e., with at  least one horizontal bond is 1 - 6 /  
3. Therefore the first factor can be written as 

where 

For the second factor, Q I I ~ ,  which depends on the 
distribution of Ri horizontal bonds among the possible 
sequences, we use the expression given by eq 28 in ref 1. 
In order to compare with the approximation introduced 
by FYD, note that their expression for the first factor was 
obtained by the allocation of NO bonds between Si vertical 
and Ri horizontal bonds (see eq 1) .  But the vertical bonds 
are also counted in the sequences considered in the second 
factor. This overcounting of vertical bonds led to an 
underestimation for the partition function as was pointed 
out by Marqusee and Dill.3 It will be shown later that both 
models give similar results for high values of 7. This is 
due to the fact that in such a case there is a wide region 
of the interphase where most of the bonds are vertical so 
that = Sio and consequently Ri* = Ri. Under those 
approximations eq 22 reduces to 

(23) 

which is the equation employed by FYD. 
2. Second Approximation. In this approximation we 

use eq 22, but the second factor in the partition function 
is modified. The difference with the first approximation 
is how to form the groups of sequences. We now choose 
the following groups: Fi++ (element 1,l of the matrix in 
eq 10) and Fi-- (element 2,2) as before and then the number 
of sequences corresponding to chains that pass from layer 
i - 1 to layer i + 1 and have only one horizontal bond 
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elements 1,2 and 2,l) 

Si;l* = 2RiCiui+ui- 

and their a priori probability 

zlf = 2rx2 
The number of sequences not included in the above three 
groups with a vertical upward bond (elements 1,3 and 3,l) 
is 

fi+' = 2R.C.u. I I IO u.  r +  

and the corresponding probability is 

4+' = 2rxa 
The number of sequences not included in the above groups 
with one vertical downward bond (elements 2,3 and 3,2) 
is 

fi-' = 2RiCiUiOUi- 

4-' = 2 r ~ a  

and the corresponding probability is 

Finally the number of sequences with three horizontal 
bonds (element 3,3) is 

fi,,' = CiRiuiO 2 

and its probability is 

4; = ra2 
The reason to choose this way of group sequences is that 

now all the sequences in each group have the same a pri- 
ori probability, making it more instructive to the partition 
function. The second factor in the partition function now 
reads 

where 

c;l = 1 - (1 - hi) (ui+2 + ui-2 + 2UJ (26) 

and 

ui+ + ui- + uis + 2uib = 1 
In the amorphous region we have ui+ = Ui- = A, Uis  = 6, 
Uib = A. The various groups of sequences and their 
respective a priori probabilities are 

F;+ = cihiui+l @++ = rVx2 
FL-  = Cihiui-' @-- = rqh2 

Fib = 2CihiU; @b = 2r7A2 

si..* = 2ciui+ui- zl* = 2rx2 

= 2ciui,ui+ = 21-16 

fibs = q u i s u i -  4-s = 217x6 (27) 

fi+b = 4CiU,bUi+ f$+b = 4rx2 

= 4CiUibUi- 4-b = 4 n 2  

f i ;  = ciui; 4; = rfi2 
fi; = 4CiUibUis 

fiobb = 2CiUib2 

4: = 4r6h 

4gbb = 2 n 2  
where 

r = 1 - 4(i  - v)h2 (28) 
The number density of negative reversals containing 1 
horizontal bonds in layer i is 

S..-- = R , C , ~ , U ~ - ~  1 = 1 
1.1 

Si..- = RiCi (Uis  + 2uib)ui-2 1 = 2 (29) 

si;;- = RiCi[(u;, + 2uib)2 + 2Uib2(hi - l)]ui- 1 = 3  
summation over 1 gives 

Si-- = C,R,U,-~[~ ,  + ui0(l + ui0) + 2ui;(hi - l ) ]  (30) 

where ug = us + 2Ub and we have neglected terms smaller 
than uo2. Similarly 

Si++ = CiRi~i+2[hi + ui0(l + ui0) + 2~i;(hi - l ) ]  

Si* = 2 C i R i ~ i + ~ i - [ ~ i o ( l  + ui0) + 2ui;(hi - l ) ]  (32) 
The total number of chains in layer i with one, two, or three 
horizontal bonds is 

Si - Si0 = Si++ + Si-- + Si* = CiRi((ui+2 + ~ ~ - ~ ) h ~  + 

(31) 

(Ui+ + ui-)2[uio(l + Ui0) + 2Ui;(hi - 1)11 (33) 
The above equation is the equivalent to eq 15 in this 
approximat ion .  No te  t h a t  in t h e  two previous  
approximations the summation over 1 has been extended 
to infinity, but in this case it was only extended up to three 
horizontal bonds. 

E. Computational Procedure. The partition function 
for the interphase is maximized subject to the following 
boundary conditions a t  the first layer' 

ul+ = 0, ul- = 1, U I O  = 0 (34) 
The boundary conditions reflect the fact that, in the first 
layer of the interphase, all the horizontal bonds have to 

D I  

[ ( Z1*)S:(@++)F++(@- -)F--(4+')'+~(4~)'-~(4,,')'0']~ (24) 

3. Third Approximation. I n  both  previous 
approximations we have assumed that all junctions of two 
horizontal bonds are of the same sort. To properly include 
bending and tight-folding energies, we should differentiate 
between straight junctions and bend junctions. In this caSe 
instead of one horizontal conditional probability, UO, one 
has to consider the conditional probability, us, of having 
at the end of a horizontal bond another collinear horizontal 
bond and the corresponding probability, Ub, for a bend 
connection between two horizontal bonds. This extra 
conditional probability was also considered by both 
Marqusee5 and Kumar and Yoon? On the basis of the fact 
that there are no imposed boundary conditions on the 
horizontal directions, Marqusee5 showed that us and U b  
simply obey the Boltzmann relation. 

We are not going to give all the details because the 
procedure is almost exactly the one we have already 
described. 

In this approximation the possible sequences in each 
layer are 

) (25) 

hu+' U+U- u+u, 2u+ub 
U-U+ h U - 2  U-Us 2U-Ub 
u,u+ usu- u: 2usub 
2ubu+ 2ubu- 2Ubus 2U;(h + 1) 

ci = 
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Table I 
Fraction of Tight Folds vs Bending Energy 

b Mansfield Marqusee FYDa approx 1 approx 2 approx 3 

Macromolecules, Vol. 23, No. 18, 1990 

0 0.720 0.733 0.420 0.746 0.733 0.772 
1 0.298 0.522 0.380 0.509 0.535 0.569 
2 0.297 0.333 0.288 0.349 0.376 

culations using their approximation. 
The data corresponding to this column are from our own cal- 

reenter the crystallite; otherwise, there would be sites with 
more that two bonds. On the other hand p1 = 1 because 
the crystal is assumed perfect. Therefore, given q1, ut+, 
ul-, and hi, we can determine the partition function. The 
values of the stochastic variables that make the partition 
funct ion a maximum descr ibe the  in te rphase  a t  
equilibrium. T h e  maximization was carried ou t  
numerically by using a routine based on Powell’s m e t h ~ d . ~  
We refer to ref 1 for more details on the computational 
procedure. 

111. Results and Discussion 
In spite of a variety of methods used in the literature 

and the quantitative discrepancy among some of them, 
most of papers give the same qualitative picture of the 
structure of the interphase. We therefore refer to refs 1- 
3 and 6 for a discussion on how the properties of the in- 
terphase may change with bending and tight reverse 
energies. In this section we concentrate on showing our 
results and compare them with others in the literature. 

A. Effect of Bending Energy. In Table I are listed 
our results for the fraction of tight folds for three values 
of bending energy. They are compared with previous 
results in the literature. In order to make the comparison 
easier, we list the parameter -b used by Mansfield,2 which, 
when there is no van der Waals interaction, corresponds 
to Cb = -b used in ref 5 and to T = exp(b) employed in ref 
1 and in this paper. All the values given in this paper for 
the FYD model have been computed by us by using exactly 
the model described in ref 1. 

The first thing to remark is that the results with our 
approximations 1-3 and Marqusee’s results are in fairly 
good agreement, which suggests that the lattice model is 
not very sensitive to mathematical refinements. This 
characteristic of the lattice model was pointed out in a 
rather different context by Flory.!j We also list the results 
obtained with the FYD model to show how as the stiffness 
of the chain increases their results are in better agreement 
with our models. 

There is also agreement with the results obtained by 
Monte Carlo simulations2 when b = 0; however, this is in 
contrast with the case b = 1. In order to investigate the 
origin of this discrepancy, we have carried out some Monte 
Carlo simulations for several values of the parameter b, 
using the same code describe in ref 9. In the simulation 
there are 30 layers in the cubic lattice; Mansfield’s lattice 
had 31 layers. 

The results are plotted in Figures 2 and 3. In Figure 2 
we plot the fractions of tight folds versus b obtained by 
both Monte Carlo simulation and by our first analytical 
model. For values of b smaller than 0.7 both Monte Carlo 
and the analytical results follow the same trend. However, 
for values of b larger than 0.7 we observe a dramatic drop 
of the tight-fold fraction obtained with Monte Carlo. This 
is in contrast with the results from the analytical model 
that show the same linear dependence on b. 

The parameter y = 2n,/(n, + ny) ,  where n,, ny, and n, 
are the fractions of two collinear bonds along the x ,  y, and 
z axes, respectively, takes the value 1 in the amorphous 

- <  

II 

b 

Figure 2. Tight folds vs the weighting factor for a bend for the 
fist approximations described in the present work (triangles) and 
Monte Carlo simulations by Mansfield (stars) and from the 
present work (circles). 

-~ _~ 

t 
t 

c 
3; - 

. -  .~ 

b 

Figure 3. Dependence of y = 2nz(nx + nJ1 on b in Monte Carlo 
simulations on a cubic lattice with 30 layers. 

region and is infinity in the crystalline region where all 
the bonds are along the z axis. In Figure 3 we plot the 
value of y in the middle of the lattice as a function of b. 
We observe that for values of b > 0.8 the middle layer of 
the lattice is not amorphous. Therefore, the sharp drop 
in the fraction of tight folds a t  large b in the Monte Carlo 
simulations in Figure 2 could be due to the fact that the 
lattice used is not large enough. Alternatively stated, the 
analytical method assumed that the interfacial region is 
bounded on one side by the crystal and on the other side 
by an amorphous region. For lattices of the sizes used in 
the Monte Carlo simulations, this state of affairs is obtained 
at b < 0.8 but not at  b > 0.8. The Monte Carlo simulations 
should not be expected to agree with the analytical method 
at  b > 0.8 because the system is different. At b > 0.8, the 
Monte Carlo method examines a partially disordered region 
between two crystal faces that are so close together that 
no part of the system can avoid the influence of the crystal. 
Presumably the Monte Carlo simulations would agree with 
the analytical results over the entire range covered in Figure 
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Table I1 
Fraction of Vertical Bonds 

Table IV 
Fraction of Tight Folds vs Folding Energy 

b layer approx 1 approx 2 approx 3 Marqusee c Mansfield KY FYDa approx 1 approx 2 approx 3 

0 1  
0 2  
0 3  
0 4  
0 5  
1 2  
1 2  
1 3  
1 4  
1 5  
1 6  
2 1  
2 2  
2 3  
2 4  
2 5  
2 6  

1.0 
0.252 
0.350 
0.332 
0.334 
1 .o 
0.49 
0.325 
0.334 
0.333 
0.333 
1.0 
0.712 
0.370 
0.339 
0.334 
0.333 

1.0 
0.267 
0.344 
0.332 
0.334 
1.0 
0.466 
0.338 
0.334 
0.333 
0.333 
1.0 
0.651 
0.415 
0.353 
0.338 
0.335 

Table I11 
Order Parameter 

1.0 
0.228 
0.244 
0.243 
0.243 
1.0 
0.431 
0.278 
0.253 
0.248 
0.247 
1 .o 
0.624 
0.345 
0.317 
0.301 
0.293 

1.0 
0.268 
0.340 
0.332 
0.334 
1.0 
0.478 
0.358 
0.338 
0.334 

1.0 
0.704 
0.522 
0.428 
0.380 
0.340 

b layer Marqusee FYD approx 1 approx 2 approx 3 
0 1  
0 2  
0 3  
0 4  
1 1  
1 2  
1 3  
1 4  
1 5  
2 1  
2 2  
2 3  
2 4  
2 5  
2 6  

0.451 
-0.045 

0.005 
-0.001 

0.608 
0.127 
0.022 
0.004 
0 
0.772 
0.419 
0.213 
0.107 
0.053 
0.026 

0.685 
0.190 
0.005 
0.000 
0.715 
0.234 
0.021 
0.002 
0 
0.751 
0.297 
0.060 
0.016 
0.004 
0.001 

0.441 
-0.053 
0.006 

-0.001 
0.618 
0.112 

-0.006 
0 
0 
0.784 
0.312 
0.032 
0.004 
0.001 
0 

0.450 
-0.042 

0.007 
-0.001 

0.599 
0.103 
0.004 
0 
0 
0.739 
0.300 
0.076 
0.019 
0.005 
0.001 

0.421 
-0.146 
-0.135 
-0.135 
0.573 
0.031 

-0.102 
-0.124 
-0.124 

0.718 
0.227 

-0.004 
-0.037 
-0.037 
-0.037 

1 if they were performed in a much larger box, such that 
the middle of the box is amorphous. This statement must 
remain as a conjecture because of the practical problems 
associated with a large increase in the size of the box in 
the simulations. 

In Table I1 are listed the weighting factors for the three 
approximations. One can see how U, and Ub obey the Bolt- 
zmann relation. A comparison with the results of Mar- 
qusee shows quite good agreement for the first and second 
approximations. However, for the third approximation 
we find that in the interface ui+ is smaller and ui- is larger 
than the corresponding values obtained by Marquseea5 As 
a consequence we obtain an excess of horizontal bonds. 
This can be seen in Table I11 where the order parameter 
is listed for our three approximations for several values 
of the bending energy. For approximations 1 and 2, this 
means that  the interphase region is shorter, but for 
approximation 3 we observe that the order parameter, 
instead of going to zero, tends to a negative asymptotic 
value. This effect is more noticeable as the bending energy 
is increased. There are basically two differences in the 
third approximation. In the first difference we introduce 
an extra probability for horizontal junctions so that we can 
now distinguish between two collinear horizontal bonds 
and two horizontal bonds a t  right angles. The second 
difference, which is a consequence of the first one is that 
now we have truncated the summation of chains in each 
layer to sequences of three horizontal bonds (see eqs 30- 
32) while in approximations 1 and 2 the summation was 
extended to infinity. Somehow what we gain with the 
refinement is lost in the approximated sum. 

0 0.720 0.733 0.42 0.746 0.733 0.772 
2 0.46 0.54 0.246 0.544 0.565 0.638 
5 0.319 0.36 0.146 0.305 0.369 0.349 

10 0.287 0.2 0.129 0.213 0.211 0.225 

culations using their approximation. 
0 The data corresponding to this column are from our own cal- 

Table V 
Order Parameter 

C - 
0 
0 
0 

2 
2 
2 
2 

10 
10 
10 
10 
10 

layer 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 

KY 
0.45 

-0.05 
0 
0.59 
0.09 
0 
0 
0.85 
0.53 
0.28 
0.1 
0.02 

FYD 
0.68 
0.19 
0 
0.82 
0.33 
0.02 
0 
0.90 
0.61 
0.22 
0.01 
0 

approx 1 

0.44 

0 
0.59 
0.06 

-0.03 
0.84 
0.37 
0.00 

-0.04 
-0.04 

-0.05 

-0.05 

approx 2 
0.45 

-0.04 
0.01 
0.57 
0.04 

-0.03 
0.84 
0.40 

-0.03 

-0.04 

-0.04 
-0.04 

approx 3 
0.42 

-0.15 
-0.13 

0.522 
-0.090 
-0.17 
-0.17 

0.83 
0.33 

-0.08 
-0.17 
-0.17 

Table VI 
Average Length of Horizontal Sequences vs Tight-Fold 

Energy 

c KY FYD approx 1 approx 2 approx 3 
0 2.47 2.5 2.51 2.50 2.50 
2 2.96 3.3 3.29 3.30 3.29 
5 3.83 3.49 3.49 3.49 

10 5.29 3.5 3.50 3.50 3.50 

B. Effect of Tight-Fold Energy. In this section we 
make a comparison between the results from our various 
approximations and previous results found in the literature 
in the case that the only contribution to the energy is from 
a tight fold. This is not a realistic situation, but it allows 
us to compare the effect of this contribution to the energy 
that was not considered by M a r q ~ s e e . ~  Tables IV-VI we 
use again Mansfield's notation for the parameter c 
describing this energy. This parameter corresponds to E,  
used in ref 6 and to 7 = exp(-c) employed in ref 1 and in 
this paper. 

The fraction of tight folds versus energy is shown in 
Table IV. Not surprisingly, our results agree with those 
of Kumar and Yoon: as their model is basically the same 
as the one used by Marqusee and Dill.3 They also agree 
with Monte Carlo simulations a t  least for the range of 
values of t h e  energy with physical meaning for 
polyethylene. 

Kumar and Yoon6 carried out some computations for 
values of c up to 20 a t  which the fraction of tight folds 
approaches zero. We have also carried out  some 
calculations for such high values of c,  even though they 
are unphysical for polyethylene. We found an increasing 
difficulty for the algorithm to find the minimum. Our 
results show a slower decrease in the fraction of tight folds, 
11 5% for c = 20. In Table VI we write the average length 
of horizontal chain sequences. For small values of c all 
the models are in good agreement. For higher values of 
the parameter c we observe that the average length tends 
to an asymptotic limit of about 3.5. This is the expected 
behavior for the following reason: Increasing the value of 
c produces an attrition of tight reversals, which would 
increase the average length of horizontal chain sequences. 
However, further increments of c as the number of tight 
reversals vanishes should not affect the properties of the 
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interphase. This is in contrast with Kumar and Yoon,6 
where the average length of horizontal sequences seems 
to grow without bound. As the authors pointed out, this 
unphysical result may be due to their assumption of having 
a tight-fold energy without including an independent 
bending energy. 

In Table V are listed the values of the order parameter 
for three values of c. Note that we observe again that the 
order parameter does not go to zero, but it tends to a 
negative value. As the tight-fold energy is increased, this 
effect is shown by the three approximations. 

C. Conclusions. Our results have also been compared 
with Monte Carlo simulations.2 We have found that there 
is no agreement when bending energy is larger than 0.8. 
We believe that this disagreement is due to the fact that 
the lattice used in the Monte Carlo simulations is not large 
enough to provide two independent interphases a t  the top 
and bottom of the lattice for high values of the bending 
energy. 

From a comparison of the results obtained from our three 
approximations we found that the lattice model does not 
necessarily give bet ter  results with mathematical  
refinements. The second model is the simplest one and 
gives in most of the cases the most accurate results. We 

will therefore choose the second model in subsequent work 
where we study the effect of branches in the interface. 
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ABSTRACT: The crystal structure of the y form of isotactic polypropylene (y-iPP) is refined with the Ri- 
etveld method on X-ray diffraction data collected at low (-120 "C) temperature. The analysis, leading to 
the proposal of the totally novel crystal architecture with nonparallel chain axes, is discussed in detail, and 
the reliability of the proposed structure is assessed, also with reference to alternative models. While the overall 
structure is best represented in terms of the statistical copresence of anticlined isochiral helices at each 
crystallographic position, as implied by space group Fddd, local packing modes which cannot retain this feature 
are satisfactorily described in terms of space groups F2dd or Fd2d. Some relevant implications of the y- 
isotactic polypropylene crystal structure on the crystalline morphology of this polymer are presented, while 
issues concerning the development of this novel architecture remain largely open to future contributions. 

1. Introduction 
The y modification of crystalline isotactic polypropyl- 

ene (y-iPP) has attracted much attention over the years 
although interest in this polymorph for immediate 
applications has been modest, as it is obtained usually only 
in traces under normal crystallization conditions with 
commercial homopolymers. The appearance of the y phase 
is favored by a molecular feature such as shortness of 
polymer chains' or, for long chains, by a physical variable 
such as high pressure.2 An interesting paper by Turner- 
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Jones describes also the influence that small amounts of 
comonomer units (4-10% ethylene or 1-butene) exert in 
promoting y rather than CY crystallinity in melt-crystallized 
 copolymer^,^ which have indeed industrial importance. 

High percentages of y crystallinity are also obtained4 
with iPP synthesized with new homogeneous catalytic 
systems5 for which future applications may be envisaged. 

Crystallization in the y phase has been related6*' to  the 
reduced importance of chain folding, and investigations 
on the differences between the CY and y phases may 
contribute to clarification of this issue at  a molecular level. 
A study on the relationships between chain folding and 
crystal structure was carried out for a-iPP, revealing the 
existence of a number of "selection rules" for neighboring 
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